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ADVANCES IN THE MECHANICS OF INHOMOGENEOUS MEDIA

CHAPTER 9.

DIFFUSION AND HEAT CONDUCTION
IN NONLINEAR THERMOPOROELASTIC MEDIA

1. INTRODUCTION

Modeling of poroelastic materials is usually limited to the range of small defor-
mations as the main field of applications of such models is the propagation of
acoustic waves. However, many properties of these linear models cannot be
explained without referring to nonlinear effects. A typical example is furnished
by the celebrated Biot model, Biot (1956); which possesses four important pro-
perties seemingly violating principles of continuum thermodynamics:

e coupling of partial stresses by contributions of volume changes of both
phases which seems to be forbidden by the second law of thermodynamics
(compare: simple mixtures of fluids),

e linear dependence of momentum sources on relative accelerations which
seems to violate the principle of objectivity,

e dependence of permeability (resistance to relative motions of components)
on the frequency of monochromatic waves which is inconsistent with the
linearity and with the temporal form of equations of motion,

e apparent lack of porosity changes which follows from the linearity of con-
stitutive laws.

The first property was analyzed in the paper Wilmanski (2002) and it has
been shown that a nonlinear model in which one accounts for a dependence on
the porosity gradient yields indeed this coupling in the linear limit. In this sense,
the Biot model does not violate the second law.

The linear contribution of relative accelerations is contradicting the prin-
ciple of objectivity (compare: Wilmanski (2001)). However, a nonlinear correc-
tion in the difference of accelerations yields an objective quantity which may
appear as a constitutive variable (see: Wilmanski (2005)) and which yields in the
linear limit the Biot contribution.




124 COUPLED FIELDS

The third flaw of the model results from a misinterpretation of the Biot
paper, Biot (1956),. In this work M. A. Biot has shown on examples of a few
simple flows that the viscosity of real fluids saturating porous materials yields a
dependence of permeability on the frequency of acoustic waves. This property
shown in a spectral representation of the model (i.e. for independent variables
(w,x), where w - frequency, x - spatial coordinate) has been taken over by some
researchers in a mathematically nonsensical manner (see remarks in Wilmanski
(2006)). This flaw can be easily eliminated by an assumption on a hereditary
character of the momentum source. However, such a correction yields usually
also a nonlinearity of the model.

A proper exploitation of Gedankenexperiments proposed by Gassmann,
Gassmann (1951) and then used by Biot and Willis, Biot, Willis (1957) shows
that porosity does change in the original Biot model. These changes are different
from those presented by Gassmann as they contain, in contrast to the Gassmann
relation, both equilibrium and nonequilibrium contributions. However, this point
was never properly exposed in the works on linear acoustics. An equilibrium
part is proportional to volume changes of the skeleton and the nonequilibrium
part is proportional to the difference of volume changes of both components.
The latter is, in turn, proportional to the so-called increment of fluid content.

The above mentioned four effects are all related to a macroscopic mode-
ling of complex morphology of a porous material. Even in the case of fully satu-
rated, two-component systems a number of microstructural parameters desired to
describe flows in such systems may be quite large. In Figure 1, we show sche-
matically some of these morphological properties which should be reflected in a
macroscopic model. We indicate a flow through a chosen channel of a given
curvature (part 1)) which may be replaced by a flow through the channel of the
same length but a much more complicated shape (part 2)) or by two channels
(part 3)) whose average areas of cross-section are together the same as the
cross-section in part 1): all three examples are assumed to yield the same local
porosity and the same local tortuosity of the system. The latter is understood as a
fraction of the length of the channel to the distance between points A and B. It is
quite clear that, in spite of the same values of these microstructural parameters:
porosity and tortuosity the flows in all three cases are different. This results from
local variations of the microscopic relative velocity (a difference of the velocity
of true fluid and true skeleton) not accounted for in an average macroscopic
relative velocity.
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Fig. 1: Three different microstructures of porous material, illustrating three different
flows (bold lines with the arrow) in channels of the same tortuosity.
The true geometry of porous materials is fully described by a characteristic func-
tion ¥y (Z,t), which is equal to one when the point Z belongs to the fluid and
zero when it belongs to the skeleton. The point Z is an element of the set REV
(X,r), the so-called representative elementary volume, which physically descri-

bes a certain true neighborhood of the point X of the reference configuration B,
of the body in the sense of microstructure. It means that a body is understood as
a collection of local Cartesian products {X}x REV(X,t), X¢e B, where REV

(X,), is the microstructure at the point Xe€ B,. The macroscopic fields are

volume averages of true quantities defined on each RE V(X,r) . For instance, the
porosity is defined by the volume integraf

1
Xi)J=—————— Z,t)dV,, 0<n<l. 1
H( ) VOIREV(X,I)REVT[[?:)X( ) 7z R ()

It is clear that the porosity n(X,f) is carrying some very rough information about
the function ¥y (Z,.t) :REV(X,t)—1{0,1}. However, such important properties as
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a difference between two systems whose porosity is the same but one of them
contains a few large cavities in the microstructure REV(X,r) while the other ma-
ny small cavities are not described by the porosity alone. The above mentioned
tortuosity should be also defined by its relation to the characteristic function y.
Surface porosity of boundaries, important for the formulation of boundary condi-
tions is also not yet defined in this way. One could multiply examples of micro-
structural variables which are needed for a proper formulation of a macroscopic
model of porous materials. This mathematical question seems to be still open. In
this work we present an ad hoc method of construction of such a model common
for this part of continuum thermodynamics.

We exploit thermodynamic conditions imposed on a nonlinear poroelastic
model. We account for the dependence on objective relative accelerations and on
the porosity gradient. The former is sometimes attributed to tortuosity effects;
even though this interpretation seems to be doubtful we show that it describes
microscopic fluctuations of relative velocities. The latter, a local nonhomogene-
ity of the material, allows to introduce couplings of partial stresses mentioned
above. Otherwise, as it was demonstrated in earlier papers (e.g. Wilmanski
(1998),, Wilmanski (2004),), the so-called simple mixture model of porous ma-
terials follows in which static couplings of components are absent.

We formulate the model in the Lagrangian description with respect to the
skeleton which is appropriate for nonlinear modeling. Simultaneously, we con-
struct the model which is almost linear with respect to vectorial constitutive
variables, i.e. we assume the linearity of vectorial constitutive laws with respect
to the diffusion velocity, temperature gradient, gradient of porosity and relative
acceleration. Scalar and tensorial quantities contain also a dependence on some
quadratic terms. This is justified by physical expectations.

2. LAGRANGIAN DESCRIPTION OF SATURATED POROUS
MEDIA

We begin with the construction of general balance equations for the two-
component model. A general case of many components has been considered, for
instance, in the paper Wilmanski (2003) but the case of two components is more
instructive due to its simplicity. In addition, a multicomponent model must be
extended to cover such effects as capillary forces which has not been done yet
for nonlinear processes.

We need some basic notions of geometry and kinematics of two-
component immiscible mixtures.

The skeleton (solid component of an immiscible mixture) of the porous
material is treated as a confinement for the motion of the fluid. It means that a

configuration @, say at the instant of time #=0, is chosen as a reference for

both the solid and fluid components. The function of motion of the skeleton
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x-f'(X:) Xe3B,, )

is assumed to be twice differentiable with respect to both arguments. Certainly,
= {X,r = 0) = X. Then the velocity of the skeleton, acceleration of the skeleton
and deformation gradient are defined in the classical manner

of’ s df’
78 ”S

X = (X7 x =

ot &4 dt
The motion of the fluid follows by the transformation of the Euclidean descrip-

tion of its motion to the reference configuration of the skeleton. In particular, the
velocity of the fluid has the form

X" =vF(£5 (X, 1)) )

By means of these velocity fields we can define the Lagrangian image of mate-
rial domains. For the skeleton, these are, obviously, subsets @ 5 of the reference

(X,t), FS = Grade(X,t). (3)

configuration B, . For the fluid, we have to map its material domains from their

current configuration P” to the reference configuration contained in B,. We
t
have (compare Wilmanski (1995))

P (r):{xE B,|f°(X,t)e @f}‘ (5)

Obviously, the kinematics of @®" is given by the field
V’c'(x,t), Xe 3, :{X'X=f5(x,t),)(€ @0}, while it can be shown' that the

kinematics of P *(t) is given by the so-called Lagrangian velocity X'* defined
by the relation

X'F =F(x" -x5)=X"F(X,1). 6)

Clearly, this relative velocity corresponds to the diffusion velocity in the Eule-
rian description.

For the purpose of construction of objective constitutive laws we need as
well a quantity which is related to the difference of accelerations

B(X'F —x’5 )f’ dt . Such a difference is not objective, i.e. by time-dependent rota-
tions of the frame: x*= O( r)x, 0" =0, its transformation contains expli-
cit additive contributions depending only on the relative motion of the frames
0( E). However, it can be shown, Wilmanski (2005), that for an arbitrary scalar
Z the following quantity
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_9
"ot

a (X’F it )_ (1-2)X’" -Grad x’* —zX’" -Grad x”*, (7)

is objective, i.e. a,*=0a, . It shall be called a Lagrangian acceleration and it

shall be used in the constitutive theory.

The above described Lagrangian kinematics yields a peculiar structure of
balance equations. We quote them here without details of the derivation which
can be found elsewhere (e.g. Wilmanski (1998), (2008))

e mass balance

g e
5 et 5 =
= F
dp”© P AF
RF ;:.-5,;,.“+Divpfx’* -pF =0, (8)
55457 =0,

e momentum balance

§F_ '8
M :=apTx—DivP5 —p’ -p'b® =0,
1
F_tF
M’ = a—pa-r—x—+l)ivax’F Rx'F -DivP* —pF —p D" =0, (9
Y AR
p +p =0,

e energy balance

= ai( pies + % px x> j +Div(Q* -Px’%)-
t

-p° (bs x" +r5)—¢§5 =1

"

ES = —,{%(p’csp 2wl Div[(p’cgp tlep x X

QP -P7x " ) ]—pF (b X +rF)-8F =0, & +£ =0,
(10)

* porosity balance

D::%+DM—£:U. (11)
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skeleton (the so-called pull-back) move with the velocity field X'* rather than
to remain unchanged as material domains, @°, of the skeleton.

Momentum balance equations (9) contain fields of the partial velocities,

5 F X . . :
x”,x"" of both components as functions of Lagrangian coordinates and time,

(X,f). The nonconvective fluxes, P°,P" are called partial Piola-Kirchhoff

AT .
stresses. The momentum sources, p”,p° describe an exchange of momentum

between components. We see further that, in principle, it may be caused by the
diffusion, a gradient of porosity, a gradient of temperature and the relative acce-
leration. The structure of these contributions will be the subject of the exploita-
tion of the second law of thermodynamics. These equations may be represented
in an arbitrary non-inertial frame of reference. However, for the purpose of this
work we assume the frame to be inertial and, for simplicity, we leave out body

forces, prS 0 Fp* entirely.

Partial energy balance equations (10) contain source terms, &°,&" . The
gy q Y

describe local exchange of energy between components which is characteristic
for mixtures with different temperatures of components. We do not consider
such processes in this work. For this reason, only the bulk energy conservation
law will be used. This follows by the addition of partial equations which we

show further. Obviously, £°,&” are specific internal energies of components


























































