
1

mai l :  wi l mansk@wi as- ber l i n. de
kr zyszt of . wi l manski @l umni . t u- ber l i n- de

web: � ��� ���� � � �� 	 
 �� ��� ���� � � �� 	 
 �� ��� ���� � � �� 	 
 �� ��� ���� � � �� 	 
 � ���� � �
� � � � � ��� 	� �
� � � � � ��� 	� �
� � � � � ��� 	� �
� � � � � ��� 	

KRZYSZTOF WILMANSKIKRZYSZTOF WILMANSKI�

Biot Centenial
3rd Biot Conference on Poromechanics

Oklahoma, 24 -27 May, 2005

Threshold of liquefaction
due to weakly nonlinear acoustic waves

in a poroelastic medium

Threshold of liquefaction
due to weakly nonlinear acoustic waves

in a poroelastic medium



2

� � � � � ��� 	 
�� 
� �
� � �
 � � � � 
� � � �� � �� 
� � � 
� � ��� � � �
� � �� 	 	 � � �� � � � � 	 � � �� � �� � � �

� � � � � � � �  �� � 	 � ! � �" � � �

� �� � � �� � 	�
 �� �� � � �� � 	�
 �� �� � � �� � 	�
 �� �� � � �� � 	�
 �
� � � 
� � � 
� � � 
� � � 

 	� � �
 	� � �
 	� � �
 	� � � � � 
 � � �� � 
 � � �� � 
 � � �� � 
 � � � �� � 	� � ���	�� ��� � 	� � ���	�� ��� � 	� � ���	�� ��� � 	� � ���	�� �

! � �" � �

! ��� � � 	 �� 
��� � 	 #� $��� �
�%� �  � &� � ��

� �� � 	 #� $��� � � #�	 �
' ��( � �� 	 � � �� � � � � 	
) �  � � 
� * +,



3

� � �� � �� � �� � � ���� � � � � ��� � � � ��� � � � ��� � � � �� �
� � � 
 
� ��� � �� �
� � �� � � � �	� 

 �
�� � � � � � �  �
! " " "�
� � � 
 
� ��� � �� �
� � �� � � � �	� 

 �
�� � � � � � �  �
! " " "�
� � � 
 
� ��� � �� �
� � �� � � � �	� 

 �
�� � � � � � �  �
! " " "�
� � � 
 
� ��� � �� �
� � �� � � � �	� 

 �
�� � � � � � �  �
! " " "

� � � � �� ��� � �	 
�� ��� ��	 
 � � � ���� � ��� � � � � � � � 	�
 �� � 
� � �� �
� ������ � �� �� � � � � �� � � � � �� �� � � �� �� � � � � ��� 
� � � � � � � � � ���� � �

� ���� ��� � ���� � � � � �
 �� � � ���! #! #! #! #
�� � � � � � � � � 
�� � � � �

� � � � � �� � � 	
 �� � �
 �� � � � � �� � � 	
 �� � �
 �� � � � � �� � � 	
 �� � �
 �� � � � � �� � � 	
 �� � �
 �
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� � 
 
 � �
 
 � �
 
 � �
 
 � �� � � � � �� � � 	
 �� � �
 �� � � � � �� � � 	
 �� � �
 �� � � � � �� � � 	
 �� � �
 �� � � � � �� � � 	
 �� � �
 �
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� � 
 
 � �
 
 � �
 
 � �
 
 � �



4

� � � � � �� � � 	
 ��
 � 	� �

� �� � � � � �� � 
 �� �
 
 � � � � 
 	� � � �� 	� � � 
 � � � � � 
 � � � 
 � � � � � � �	�� � 


� � � � � �� � � 	
 ��� 
 	
 �� � � 
 �
 � � � 
 � � � � � � � �� � � 	�

� � � � � � � � � � � � 
 �� � �
 	� �� � 	� � � �� � � �
� � 
 � � � �
 � 
 � 
 �� � 
 � � 
 � � 	
 � �� � �	� � 	� �

 � � �
 � � � ��
 �
 
 � � 
 � � � �� � � 	 
 � �  � � 	 	�

 � � � 
 � � ��! �
 � � 	� � 
 �� ��� � 
 � � � �
 � � �	�
� �� � �

" ��# � 
 � � � �
 � �	� � �
 � � 	� � 
 � � �	� �
 � �
$� � 
 � � � �� 
 $� �� � � � � ��%� �� ��� � �� 
 � �
	�� �� 
 ��� 
 � � � � � 	�	� � � � � � 	� � � 
 � �
$�
 �� �� �� �	� � � 
 	� � �
 � � � 
 � � $� 	� �

 
 � � 
 � � �
 � � �

&��' � 
 	
 � ���	�� 
 � � 
 
 � � � � � 	�
 �� � � � � �� 
 (
� � � � 	�� � � � 
 � � � �
 � �
 � � � 	�� � � �� � � 	� �
� � � � 	�� � � ��
 �� 
 �� � � 
 � � � ��



5

) �� 
 �� � � 
 � � � � � �� � �� 
 	� � � � 	� � � 
 � � 
 � 
 � � � �� �	� � � �� � 	
��� � � � � ��
 �� � � � 	� � 
 � 
 ��� � � � 
 � � � �
 � �� � �� 
 	� � � � 	� � ��� � 	
� � � � 
 � � 
 
 �� �	� � � �� � 	���� � � � � ��* � 	� 
 � 
 ��� � � � 
 � � � �
 � � 
 � � � �
	� � �� � �� � � 	�� � � � � 	� �	� � 
 		� 
 � 	�� � � ��	� � � 
 �� � � 
 � � � �



6

� � �� � �� � �� � � ���� � � � � � � � � 	� � � � � � � � 	� � � � � � � � 	� � � � � � � � 	 � � 
 � ��� � 
 � ��� � 
 � ��� � 
 � �� � � � ��� � 
 �� � � ��� � 
 �� � � ��� � 
 �� � � ��� � 
 � � � � � �� � � � �� � � � �� � � � �
� ��� ��� ��� ��� � � � � �
 
 	��� � � � � �
 
 	��� � � � � �
 
 	��� � � � � �
 
 	�� 
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� � � � � �
� � � �
� � � �
� � � �


� � �� � �� � �� � � ���� � � � � � � � � 	� � � � � � � � 	� � � � � � � � 	� � � � � � � � 	 � � 
 � ��� � 
 � ��� � 
 � ��� � 
 � �� � � � ��� � 
 �� � � ��� � 
 �� � � ��� � 
 �� � � ��� � 
 � � � � � �� � � � �� � � � �� � � � �
� ��� ��� ��� ��� � � � � �
 
 	��� � � � � �
 
 	��� � � � � �
 
 	��� � � � � �
 
 	�� 
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� �
 
 	� � 
 	� � � � � �
� � � �
� � � �
� � � �


$�� �� � �$�� �� � �$�� �� � �$�� �� � � ( ) { }.,,,,,, SFSFS nt evvx rr®

Sr � � � � ��� ��	 � 
 
 � � 
 
 ��� � ���� � 
 � � �� �� 
 �
Fr � � � � ��� ��� � 
 
 ��� � ���� � ��� �� �

n � � � � � 
 ��� � � � �� 	 � �� � � ��� 
 � ���� � ��� �� �
 �� � � � �
Sv � � � �� � ��� � ���� � 
 � � �� �� 
 �
Fv � � � �� � ��� � ���� � ��� �� �
Se � � �	 � 
 
 �� � � 	 � � � � �� � 	 � ��� 
 �� 
 
 � � � ���� � 
 � � �� �� 
 �

F

FF

0

0

r
rr

e
-

= �� � �� 	 � � � � 
 � � 

� ���� � ��� �� �

� � � � � � �� � � � � �� � � � � � �� � � � � �� � � � � � �� � � � � �� � � � � � �� � � � � �	 
 
 � � � �
 	 ��� �	 
 
 � � � �
 	 ��� �	 
 
 � � � �
 	 ��� �	 
 
 � � � �
 	 ��� � ����

( ) ( ) ( )( ) ,0det,1max
,

=-<<
�
�
�

�
�
�
� 1e i

e
S

ji

j
e

i
e lll

.1<<e

� ��� ��� � 	 
 � ���� � ���� � � ��� 	 
�� � � � � 
 � ��� � � � 	 � �� 
� 	 � � ��
� � � ��� 	 � � � � � � 	 �� � ��� � � �	 � �� �� �
� � � ��� 
 
 � � 	 � � �
� � 	 � � � � � � �

� �� �� �� � 
�� 
�� � � � � � � 
�� � � � �



7

� � � ���� � �� � 	 
 � 
 � ��
 �

� � � � � � � � ��
 
 ���� � � � � �� �
 � � ( ) ( ).
2
1

,,4
2
1

1 222
0

SSS trIIItrIIIII eeS -==�
	



�
�

 +--= rr

� � � � �� �� � � �� �� � � � � ��
 � � �

( )

( )

( )

.,

,

,

,01

FFSS

SFFFF
F

F

SFSSS
S

S

F

gradgrad

pgrad
t

div
t

div
t

vLvL

vvvL
v

vvTvL
v

v

==

---=��
	



��
�



+

¶
¶

-+=��
	



��
�



+

¶
¶

=-+
¶
¶

pr

pr

e
e

� 
 � � ���� ��� � � � �� ��
 � � �� � �� � 
 � �� �� ��� �  �

( )
( ).

2
1

SSSST

STSSS
S

grad
t

LeeL

LLev
e

+-

-+=×+
¶

¶

!� �� � � � � ����
 " 
 � � ���
 � �

( )

( ) ,2

2
1

2

000

0

2
00

2
0

0

000

SSS
S

SS
S

SSSSS

IIn
n

IIn
n

I

e

1e1TT

�
�
	



�
�
�



+-

¶
¶

+

+�
�
	



�
�
�



++

¶
¶

+++=

ml
m

d

ml
l

dml

.0
0

0000 e
k

drekr In
n

pp FFFF

¶
¶

--=

( ) ( ).11 00 Intrnnn S
E dd +º+=» e

� � ��� �

� �� �� �

( ) ( )( ) SSSSSSSSS III e1TT mlmmll +-+�
	



�
�

 +++= 2

2
1 2

0

� 	 
 � � � 
� � 
 � �
� ��

� � � � 
 � � � �� � � � � �� � � � �



8

� � �� � � � �� � �� � � � �� � �� � � � �� � �� � � � �� � �� � � � �� � �� � � � �� � �� � � � �� � �� � � � �
.1,,, =Ä=== xxx

SS
x

FF
x

SS evv eeeeevev
� � � 
 �

( ) ( ).1,1,
2
1

1

.,,0,

00
2

0
SFFSSSS

xx

F
F

xx

S
SS

ennee

x
v

x
v

IIeI

derrrr +=-=�
	



�
�

 --=

Ä
¶
¶

=Ä
¶
¶

=== eeLeeL

� � � 
�� ��� 
� � � � � � �

( ) ( )

( ) .222

,,
2
3

2

0
000

00
2

0 00

SSSSSSS

FFFSSSSSSSS

e
n

n

ppee

mldmlml

kermlmlss

+
¶
¶

++=+

-=+-++=

.
0

00
Se

n
n

¶
¶

+=
k

dkk



9

� � � � � � �� �� � � � � � �� �� � � � � � �� �� � � � � � �� � 	 � 
	 � 
	 � 
	 � 
 � ��� ��� ��� ��� 
 � � 
�� � 	� 
 � � 
�� � 	� 
 � � 
�� � 	� 
 � � 
�� � 	 ����

,,,,,
2

,
2

',
2

','
'
'

'
'
'

1

2

1
0

2
2

0

02

0

002
1

100

p

P
f

P

S
sPS

S

SS

SS

P

P
SSA

B
AB

A

c
c

c
c
c

cccc

c
x

x
t

tB
x

u
A

t
u

====
+

=

===
¶

¶
+

¶
¶

k
r
m

r
ml

r
p

r
p

[ ] [ ] ,',',,',','
11 P

S
S

P

F
FTSSFT

A c
v

v
c
v

vevvu === e

[ ] ( )

( )

,

'2100

'1'00

'0''1

001'

'
2

�
�
�
�

�

�

�
�
�
�

�

�

--

--

--+-

-

=

SS

SSS

FFSF
f

F

AB

ve

elv

lvelc

v

A
ee

e

[ ] ( )( ) ( )( )[ ] .0,''12,''12,0' TSFSSFT
A vvevvB -+-+-= e

( ).32

2
2

2'

,
2

'

2

000
0

000

0
0

s

SS

SS
S

SS

S
F

c

n
nl

n
nl

--

-
+
+

¶
¶

=

+¶
¶

=

ml
ml

d

ml
kr

d

� � � ���� � �� � � ���� � �� � � ���� � �� � � ���� � � 	 � � 
 ����� 
	 � � 
 ����� 
	 � � 
 ����� 
	 � � 
 ����� 
 ����



10

� � � �� ��� � 	� 
	� � � �� ��� � 	� 
	� � � �� ��� � 	� 
	� � � �� ��� � 	� 
	�� ��� ��� ��� � 
 � � ���� � �
 � � ���� � �
 � � ���� � �
 � � ���� � � � 
	� 
	� 
	� 
	� � 
 �� � 
 �� � 
 �� � 
 � � �� � � � ��� � ���� �� � � � ��� � ���� �� � � � ��� � ���� �� � � � ��� � ���� � � �� ��� � 	� 
	� � � �� ��� � 	� 
	� � � �� ��� � 	� 
	� � � �� ��� � 	� 
	�� ��� ��� ��� � 
 � � ���� � �
 � � ���� � �
 � � ���� � �
 � � ���� � � � 
	� 
	� 
	� 
	� � 
 �� � 
 �� � 
 �� � 
 � � �� � � � ��� � ���� �� � � � ��� � ���� �� � � � ��� � ���� �� � � � ��� � ���

� � � � ��� � 	 
�� [ ][ ] ( ) ( )

( ) .1'','
'
'

0
'
'

'

.,,
'
'

'
'

'''
'

,
'
'

'
'

,'''

2

22

==�
�

�
�
�

�
��
�

��
�

¶
¶

�=�
�

�
�
�

�
��
�

��
�

¶
¶

-

�
�

�
�
�

�
�
�

�
�
�

�
¶
¶

-�
�

�
�
�

�
��
�

��
�

¶
¶

=�
�

�
�
�

�
�
�

�
�
�

�
¶¶

¶

�
�

�
�
�

�
��
�

��
�

¶
¶

-=�
�

�
�
�

�
��
�

��
�

¶
¶

-= -+

AAA
AA

ABAB

AAA

AA
AAA

rrr
x
u

x
u

cA

etc
x
u

c
x

u
dt
d

xt
u

x
u

c
t

u
uuu

�d

� � � �
 
�� 	 �� ��
� � � � � ��

 � �

.'exp'exp'
11

0''
'

'

0
1

'

0 0
12

0

2
21

�
	



�
�



�
�

�
�
�

�
�
	



�
�



-+=�

�=++

�� �
tt

dsdds

dt
d

ahaa

aa

h

��

��
�

� � �
�� � � 
�� �

.0'exp'
1 '

0 0
12

0

=�
�

�
�
�

�
�
	



�
�



-+ � �

ct

dds haa
h

�



11

� � 
� �� �� �� � � 	 �
� � � � � �
�� � �� �� � � ��
� � � � � �� � 	 

� � � �
 
�� 	 � ��
� � � �� � 	 � � �
 � � � � � �� �

[cf/Ö(1+cf
2),1/Ö(1+cf

2),0,0][1/Ö(1+cf
2),cf/Ö(1+cf

2),0,0]-cf

[cf/Ö(1+cf
2),-1/Ö(1+cf

2),0,0][1/Ö(1+cf
2),-cf/Ö(1+cf

2),0,0]cf

[0,0,1/ Ö2,1/Ö2][0,0,1/ Ö2,1/Ö2]-1

[0,0,-1/Ö2,1/Ö2][0,0,-1/ Ö2,1/Ö2]+1

Left eigenvector l‘ARight eigenvector r‘AEigen-
value



12

� � � ���� �� � �	� � � ���� �� � �	� � � ���� �� � �	� � � ���� �� � �	 �� 
�� 
�� 
�� 
�� ��� ��� ��� � � � 
 � ��� �� � 
 � ��� �� � 
 � ��� �� � 
 � ��� � �� ��� ��� ��� � �� ��� ��� ��� � � � � ���
 � �� � � ���
 � �� � � ���
 � �� � � ���
 � � ���� � �� �� �� � ���� � � � � � � �� � �	 ��� �� � � � � � �� � �	 ��� �� � � � � � �� � �	 ��� �� � � � � � �� � �	 ��� �

( )

( ).'2
2

1
''

1
''

'
'

''

,1
''

1
'

'
'

''

2
1

)1(

)1(
2

)1(

1
1

S

DD
CB

C

AB
A

DD
C

C

A
A

l
lr

rr
u
A

l

lr
r

u
B

l

--=
¶
¶

-=

=
¶
¶

-=

a

a

� � �
 ��� � �� � �
 ��� � �� � �
 ��� � �� � �
 ��� � �

( )( ) .1'2
2

11
1

'
2
1

0

-

-
�
�

�
�
�

�
---= tS-t' ele

�
�

� � ���� � �� � ���� � �� � ���� � �� � ���� � � ��� � �
��� � �
��� � �
��� � �


( ) .
'2

2
1ln'

2
1

0
�
�

�
�
�

�

-
--= Sc l

t
�

� � � � 	 � � ��� � � � 	 � � ��� � � � 	 � � ��� � � � 	 � � �� � � � ���
 � �� � � ���
 � �� � � ���
 � �� � � ���
 � �

.
'2

2

2
10 Sl-

>�

� � �� �� � � � 	 
�� � ���� 
 � ��� � �� ( ) .0'2 2
1

0 >- Sl�



13
� � � � � 
 � 
 � �� � �� ��� ��� � � � � � �	 � � � �� 
 � � � �
 � � �� � �� � � 
 �� �� �� � � � � � � � �	 � �
�� �� � 	 � � � � � � ��
 ��
	 � �� � � � ���� 
 � � � � 
 � �	 � �

� � � 	 �� � �� � � 	 �� � �� � � 	 �� � �� � � 	 �� � � � � � ���
 � � 	� � � ���
 � � 	� � � ���
 � � 	� � � ���
 � � 	 ����

.
22

'
'' 10

2
1)1(

4 ���
P

S

SSS

cx
e

r
x
e

x
e

r
p

-=
¶
¶

�==
¶
¶

-=�
�

�
�
�

�
�
�

�
�
�

�
¶
¶

--

.
22

'
'
'

'
'

0
2

1)1(
3 ���

S

SSS

t
e

r
x
v

x
v

r
p

=
¶

¶
�-==

¶
¶

-=�
�

�
�
�

�
�
�

�
�
�

�
¶
¶

--

� � � � � �� � 	 � 
 � � � 	� �

( )

.25.04.0

,2500,2500,1.0.10

1

10
7

33

m

S

s
m

Pm

kgS

sm

kg

x
e

cDarcyapp

»
¶
¶

�=

===
-

�

rp



14

� �� � �� �� � �� �� � �� �� � � ���� � � � � �� � � � �� � � � �� � � � � 	
	
	
	
� � � 
 � �� � �� � � 
 � �� � �� � � 
 � �� � �� � � 
 � �� � � � 
 � � ���� 
 � � ���� 
 � � ���� 
 � � ���� �� � �� �� � �� �� � �� �� � � ���� � � � � �� � � � �� � � � �� � � � � 	
	
	
	
� � � 
 � �� � �� � � 
 � �� � �� � � 
 � �� � �� � � 
 � �� � � � 
 � � ���� 
 � � ���� 
 � � ���� 
 � � ���

 � � � � � � � � �� � � � � 	� ��� � � ��� � � � � � � � � � � � �� � � �� ��� � � ��� � � ��� � � � � ��� �

( ) ( ) ,1,
3
2

, 0000 fsV
FSS

fs

V nKKnKK
KKn
KK

+-=++=
-
-

= krmld

( ) ( )

( )
( )

( )

.
501

,

,
12

213

,
11

,
1
13

2

2

2
2

0

2

2

2

2

n
K

K
K

K
K

K
n

K
K

K
K

KK

K
n

K
n

K
K

K
K
K

KK

s
d

d
W

s

sF

d

d
W

s

dsS

fsW
d

d
W

s

dsSS

+
=

-
=

�
�
�

��
�

�

�
�
�

��
�

�

+
-

-
+

-
=

+
-

=

�
�
�

��
�

�

�
�
�

��
�

�

+
-

-
+
-

=+

kr

n
n

m

n
n

ml

� � � � �� � � � � � 	� 	
 � �
� � �� �	� 


� �� � � �

n,, fs KK

� ��� ��� � 	 
 � ���� � �� �� � � 	 
� � � 
� � � 
 
� 	 
	 �� � � � � � � 
� 	 
��
� � 
� � �� 
	 � � � �� � � � � 	 � � � � �� � � � 	 	 � � � � � 
� � � � � 
� 
�� � 	 �
� ��������	
���� �� �� �� � 
�� 
�� � � � � � � �� � � � � � �



15

� � � 		�
 �� � � 'Sl

� � � 		�
 �� � � d for
changes of porosity

� 
 �� � �
 ��� 
 � 
 � � �� � � �
krmml FSSS

0,,2+

� � � � � �� � 	� � � � � �� � 	� � � � � �� � 	� � � � � �� � 	 
 � ��
 � ��
 � ��
 � �� ����

.
501

,25.0

,25.2,48

n
K

K

GPaKGPaK

s
d

fs

+
==

==

n

( )
.0

12
21

2
2

2'
000

0 <
-

+
-

+
+

¶
¶

=
n
n

ml
ml

d SS

SS
S

n
nl



16

� � ���� � � ��� 	 
��� � � 
�
 	 �� � � ��� �
� �
�� ���� � � � � ���� � 	 �� � � � � �� �
� �� ��
� � �� 	 � �
� � � ���� � 	 �
� �� � � �

� � ���� � � ��� 	 
��
� � 
�
 	 �� � � ��� � � �
� � � � � ���
�� � �
 	 �� ���� � � � � ���� � 	

( )
.

55.0©
2
1

2

2
0

=-
=

nl S
�

� � ���� � � � �� �� � � 	 � c
P

S

c t
c

x ©
2 10

p
r

=

� � � 
 r �
� �� � � � � 
 ! "� � #
� � � � � � � � 
� "� #


p � � � �  ! "� � � 
� x = 12.5 t‘ c m

$ � � � ���� ��� 	 
� ! � 	 	 � 	 � � %��
 � 	 � � ��� � �
& � �� � �
%��
 �� 
 � � � � �� � ��� ��� �� � ' � � �� � � 
 	 
� � � �

V. A. Osinov: On the formation of discontinuities of  wave fronts in a saturated granular body,
Cont. Mech. Termodyn., 10, 253-268, 1998



17

� � � �� � ��� 	 
� �
� � � �� � ��� 	 
� �
� � � �� � ��� 	 
� �
� � � �� � ��� 	 
� �
� �
 � �� �
 � �� �
 � �� �
 � � ���� � � 
 � �� � 
 � �� � 
 � �� � 
 � � � � �� ��� 	 �� � �� ��� 	 �� � �� ��� 	 �� � �� ��� 	 �
�� ��� ��� ��� � 
 � � � � � � � �� ������ �
 � � � � � � � �� ������ �
 � � � � � � � �� ������ �
 � � � � � � � �� ������ �



18

Geometrical compatibility
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Changes of porosity
Constitutive relations:

- macro

.)()(

)()(p:mequilibriu

),(N

),(N)(

03
2

00

000

03
2

0

ekrml

ker

eml

QeQ

pppp

n-nQepp

n-nQepp

FSS

FFSS

FFF

SSSS

+-++-=

=-+-=D

---=-

+-+-=-

- micro

).)(1()(np:mequilibriu

,,

0000

00

SRSRFRFR

R
s

SRSRR
f

FRFR

ppnpp

eKppKpp

--+-=D

-=--=- e

(2)

(3)

It follows

.2:,)1(:

,
)(

:,
)(

:),(

03
2

00

0

00

00

0

QKKnKnK

KKn

KnQ

KKn
KK

ee
n

nn

FSS
fsV

fs

f
F

fs

V

+++=+-=

-

-+
=

-
-

=-+=
-

krml

kr
gdegd



20

Gedankenexperiments
for homogeneous microstructures

Unjacketed test:

,0 ppp ff D=-

Jacketed drained
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Solutions of field equations and  geometrical compatibility
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Full set of equations for K, C, M, N:
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Material parameters K, C, M in the zeroth
approximation (Gassmann)

Material parameters K, C, M in the first
approximation (Gassmann)

Comparison with the full solution (green) 
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