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The enormous
and the minute are
interchangable
manifestations
of the eternal

William Blake (1757 — 1827)

The Parable of the Wise and Foolish Virgins

,» 10 see a World in a Grain of Sand And a Heaven in a Wild Flower, Hold Infinity in the palm of your hand And Eternity in an hour* 4
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1. Linear poroelastic r



Macroscopic unknown fields of the linear model

- partial mass density of the fluid
- velocity of the skeleton
{,OF vS vF oS n} - velocity of the fluid
? ? >0 - Almansi-Hamel deformation tensor of
the skeleton

- porosity
apS S 3.8 a,OF F, _F _
5, trodvyt =0, ==+ pp divv' =0, Bajance equations
3vS — linear model
pg?:divTS +x(vi —v)+ p°b°,
FaVF_ . mF F_ .S Fy. F
Lo 2y =divT" —7n(v: =v7)+p b,
d(n—nyr) F g n—n de’ _ S
Etddiviv —v?)=—-£ y—symgmdv -

dt T )



Linear constitutive relations
Partial stresses
T> :Tg + el +2u e’ + Q€1 - N(n—ng)l,

T :—piitl—I—N(n—nO

S

e =tre°, &=

<4

Porosity 1z =ny(1+Jd¢), @ =const.

Umaterial constants

Linear field equations

L0 EYS = ﬂSgrade+2,uSdiveS +ngd€+7Z'(VF — VS)—Ngradn,
F ov’ F F S
Lo oy =Qgrad e+ py kK grade—7m(v: —v~ )+ Ngradn,
S _ —
Je” = sym grad v° E=diVVF, a—[n—n05e+d>(e—€)]=—n g = 1go€
dt dt dt T



1) How to find material constants In ,,simple”
laboratory and field experiments?
2) How to find microstructural properties
such as porosity, permeability
or saturation?

Micro-macrotransitions?
Statistical averaging (REV)?

Time averaging?

Kinetic theory and macroscopic
moments? :



2. Micro-macrotransitions
(homogeneous microstructure)




Geometrical compatibility

Micro-macrorelations for partial mass densities in homogeneous microstructure

eg:  pf =l [5G @AV, =nx0)p ™ (x.1).

4 REV(x)

n(X,1) 321 IH(Z,f)dVZ, V = volume REV |_omogeneity

REV (x)

where H(z,t) is the characteristic function for the fluid component. Then

—1
Pt =np™, pF=pl+ey!, p™ =pfFli+e?)] =
n 1+e” s
A > 0= pR >
nO 1+ & IOO

_ —1
pS =(-n)pK, pS=pS(+e)”, pF=pFli+er)] =
l1-n _1+eR

— = .
l-ny l+e

Linearity (small deformations) yields R n—ny _ R n—ng
geometrical compatibility conditions: |¢=¢ , E=& — (1) 9

l_l’lO I’lO




p’—py =—(F +2u’)e— Qe+ N(n-n)),

p" = py =—Qe— p; ke —N(n-n,),
equilibrium: Ap=(p° — pJ)+(p" —ps)=
=—(& +34" +Q)e—(py K +Q)e.

FR FR R SR SR R
p—p, =—K, g, p"—p; =—Ke",

equilibrium: Ap = no(pFR — p(fR) + (1—n0)(pSR — p(fR).

K, -K 7/._,O(I)D’CJFQ—’loKf
no(KS—Kf), . no(KS—Kf)

=0e+y(le—€)| 0=

K

Ky =(-np)K,+ngK;, K=2 +2u°+ pgx+20.




a(n—nE)_l_n—nE _
ot T




Gedankenexperiments
for homogeneous microstructures

Preliminaries — Biot‘s notation

Change of the fluid content:
Fluid contained in a reference volume dV,, of the skeleton

- reference configuration: p(deO

- current configuration: pF (1+e)dV,

- normalized change — increment of the fluid content:

1 l+e
pFR[(He)PF -p0 ]dVo = ¢dV =”OL+8—1}W0 = | ¢ =nyle—&).
0

Bulk stress and pore pressure Biot‘s constants

S S | F
T=T° +T! =T, +(H -2u°)el +2u°e® —CL1, H=+2u> +py k+20=
p=—%trT=pO—Ke+C§, :K_l_% Sa

d n—n F ,OFK'

Py :=p—=p?—Ce+M§'—N 0. C:=nL(Q+pO K), M = 02 :
n n 0

0 0 no




Gedankenexperiments
for homogeneous microstructures

Unknown: e,é’,n,eR,SR,p—pO,pf —p?p =7;
Equations: 2 geom., 1 equilib., 4 constit., 1 test = 8.

eneral equilibrium conditions:
S S F F
=(p” —pp)+(p" —py)=
=(1-ny)(p°* = pg™) +no(p™ = pg").

Unjacketed test:

0
pr—ps=A4p,

Jacketed drained

py—pry=0,

and undrained tests:

=0, Ii.e. .




Solutions of field equations and geometrical compatibility

jacketed undrained

e:—ﬁ (:O, —n_n():—

C-Ky
K b

no K(Kf —N)

0 _(c C—Kf
Pf pf_(E“LNK(Kf—N))Ap’

C-K;
K- N’

K = KV no(K Kf)

KV = (l—no)KS +n0Kf
jacketed drained

e:_Ap_ NC Ap
K, KM K, °

C: KbM (1+ KN)AP’
—0 = —K Ap,

ng

K, =K -,

K =K o ma

2
So1-1- nO)Kb

_c _&( _N(K+C))_
(no M K, ny K,M _O’ @ &

Ap, C>Ky = N<Kg.

unjacketed

- given experimentally.

MKy, C
C-M+22b -
@ K = Kw 1\11 Np| K Kw
_Q n() Ks 1_C
K K
1 I=ny | ng
Ky — K, T K
1
K, =K,{1-2¢
14




Full set of equations for K, C, M, N:

K (I+ny8) - K,

_ C-K; —
K, oy K, _N(K+C))_ 2
K, (no M K, (no KM ] O’ Kb =K M
M+ YKp __C
K:CM+KW _Nl-no K_IKW L.zl—no_l_ 1
_C ng K, _C )P Ky ° K, K>
K K
(I=ny) 2 >—n
— NC Yl _ 0) gm0
Kd_Kb{1+KM} ’ Kn _Ks Ks
n 1-(1-n, )K_b
) . B): N belongs to the set of macroscopic
A)' For N=0: material parameters but it is small in com-
é: — K | parison with other compressibilities - iteration
Kf C) Full solution for K, C, M, N
2
(Ks_Kb) +Kb _ KS(KS_Kb)

K, (+nyé)-K,

2
— KS , 15
K,(1+nyé)-K,




Numerical example

K, =48x10"Pa, K, =2.25x10"Pa

K

Geertsma (empirical): K, or K; = ﬁ
+ no

Q :no(c—noM)

1 7E+08§
de+10%

6E+08 E
5E+08 F

ot relations

J 4E+08
Je+104 3E+08 F

2E+08 F

1E+08 |

In (sassmann-

Ee+1Di

-1E+08 F

-2E+08 |

coupling

1e+1I:I-:

.3E+08 k

-4E+08 F
E 1

01 02 03 04 05 o 0203 04 05

porosity
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S2.5E+10 - S2.5E+10 -
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Full model:

4.5E+10

4E+10

.BE+10

u QQOGGI

3E+10

ars -

.BE+10

2E+10

param

1.5E+10

materia

1E+10

5E+09

0

Geertsma :

K
M
c
N

Kd=

0
porosity
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SE+08 -
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Carlo Lai (July 2002)
pg = (I-ny)x4000 % :

P& =ngx1000%5,
m

Poisson number: v =0.2.

Some results for P1-waves:

4500
dDDDé
3500% C.,
3nuné o
25001
I Y

I

speed of propagation of P1-wave
in the low frequency approximation




Dependence of p° ,K,
and K; on porosity




In the drained simple test the material behaves as
there were no fluid in pores. Hence the stress — strain
relation should be the same as In the classical elasti-
city with the compressibility modulus K, and shear
modulus us, i.e.
ﬂS=3K 1-2v _3K, 1-2v |

2(1+ V) o

To1+v)

where v is the Poisson‘s number.

Simultaneously speeds of propagation react weakly on changes
of Poisson‘s number — see: results of Carlo Lai. Hence we can
choose, for instance, v=0.2 and either calculate K;(K,) from the
above formula provided u° was measured by the speed of shear
wave or calculate p° provided K, (K,) is given empirically.

Important practical case: given two speeds of propagation
(P1- and shear wave) and the Poisson‘s number. Then

by means of MICRO-MACRO one can calculate porosity
(inverse problem).




Experimental measurements: cp; ,Cg
and porosity profiles
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4. Conclusions

1. Biot’'s model follows as a limit case of a gene-
ral thermodynamic model provided the relaxation
of porosity is neglected.

2. Gassmann - like relations, derived for the extended
model with a dependence on porosity gradient by means
of the Micro-MacroTransition for homogeneous microstru-
cture satisfy ALL compatibility relations for simple tests
and yield in the limit the classical Gassmann relations.

3. In order to fulfil geometrical compatibility relations of

micro-macrotransition the porosity balance equation must be
corrected on an equilibrium contribution to the source term.

4. Micro-MacroTransition gives rise to a possibility of a natu-
ral description of processes in unsaturated granular

materials. e



Newton (1795)

The Ghost of a Flea (ca. 1819) 25



