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Kinematics*

Lagrangian description
of the fluid motion

Reference configuration of the skeleton
and projections of material elements
of the fluid component

Motion of the skeleton (Lagrange):
X =7 (X, t) =

= x'° ::g—f, F° :=Grad y.

Motion of the fluid component (Euler):
vi =vF (x,t) =o'

= x'"=vi(g(X 1))
Lagrangian relative velocity:

X'F = FS_l(X'F —X'S)

*Wilmanski, K.; On weak discontinuity waves in porous materials, in: M. Marques, J. Rodrigues (eds.), Trends in Appli-

cations of Mathematics fo Mechanics, 71-83, Longman (1994), #
Wilmanski, K.; Lagrangean model of two-phase porous material, J. Non-Equil. Thermodyn., 20, 50-77 (1995),

Wilmanski, K.; Thermomechanics of Continua, Springer (1998).



Derivation:

motion of a fluid particle X =x+ VFA’[ =1
Lagrange
(X +AX,t +

+FoAX + x' At

=x(X,t)¥x' F AL
AX

Consequently X lim e =f>1 (X'F —x" )
At -0

Time differentiation of material objects:
material d Gy,
with respect to the skeleton — J‘¢ (X,t)dt = I —(X,t)dt,
dt s 0t
t t

material

with respect to the fluid o I¢ (X,t)dt = '[ %(X,t)dt & cj¢ (X,t)N x'F dt.
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Fields for a two-component poroelastic material

{pF,ps,X,F,X,s’Fs,n,H}Dvlg,

(X,t)OBxT, BxT - V',

where

- mass density of the fluid component in the reference configuration

of the skeleton,

pS - mass density of the skeleton in its reference configuration,

oF

x' b velocity of the fluid component,
X'S - velocity of the skeleton,
FS - deformation gradient of the skeleton, FS =1 in the reference configuration,

N - porosity (volume fraction of the fluid component),

6 - absolute temperature common for both components.



/ Partial balance equations™
S F
oS _0p _o. B 0p +Div(,0FX’F)+,b:

1 Po=

ot ot
[/

p=0,

BY = a(‘);"'S)—Div pPS -

o 4

X - I I ~
BY =25 +D|V(,0FXFDXF—PF)+p:O.
S S e S
s  OF e with Grad F (G rad F )

BF :——Dlv(xSDI):O, 6

ot / = Ox =y(X,t)s.t. F> =Grad y, x E at
B N a_ﬂ +Divd —h = O Alternative: balance of equilibrated forces — second order scalar

ot differential equation introduced by Goodman & Cowin (1972)

0

/
ot

Wilmanski, K.; Multicomponent models in geophysics, in: J. Majewski, R. Teisseyre (eds.), Earthquake Thermodynamics
And Phase Transformations in the Earth's Interior, 567-655, Academic Press (2001), v
Wilmanski, K.; 7Toward an extended thermodynamics of porous and granular materials, in: G. looss, O. Gues, A. Nouri (eds.)
Trends in Applications of Mathematics to Mechanics, Chapman&Hall, 147-160 (2000).

B = (,0£+2pr +D|v[,0 £+1XB() F+Q- PT] 0,



Definitions of mean quantities:

0= +05, px=po"xF +05xS,

S
p=pP"+pS-P P pSxFpoxF,
0
£ S
o6 = pFeF + pSgS +%,0 P S [(]X.F DX.F), CS =FSTFS
0

Right Cauchy-Green
deformation tensor




Constitutive relations for poroelastic materials

Constitutive variables:
cW. o= {pF , n,FS ,X'F 0. G}, G :=Grad 6. simple model |O
c®: O:= {,OF , n,N,FS ,X'F 0. G}, N :=Gradn. second gradient model

(precursor of the Biot's model)
0
F = {P i , PS ,f), J,N,E, Q} We assume the lack of mass sources!

Constitutive quantities:

Constitutive relations (local and homogeneous!):

F=F(O)

Restrictions:

1) Thermodynamical admissibility — the second law of thermodynamics,
2) Material objectivity,
3) Isotropy.



Second law of thermodynamics

Partial balance equations + constitutive relations = field equations.

For all solutions of field equations the following entropy inequality

H* _ 0(%St,73 )+ DiVHS + a(,OaFtﬂF )+ DiV(,OFﬂFX'F +HF )2 0

n°=n°(0), n"=p"(0) H>=H"(0) H" =H"(D)

must be satisfied identically.

|-Shih Liu Theorem —

H - 2°B7 = AFBP <ASBY “AFBY -AB"-A°Bf 20.

fields

A =2(0), AF=AF(@), A>=A>(0), A"=A"(O), A =A¢(D)

Details of exploitation:

Wilmanski, K.; Multicomponent models in geophysics, in: J. Majewski, R. Teisseyre (eds.), Earthquake 10
Thermodynamics and Phase Transformations in the Earth's Interior, 567-655, Academic Press (2001),



Results for the class of isothermal processes 8(X,t) = const.

under the assumption®

ow° _ oy’
a;/{le :ai'F =0, w>=¢>-6n°, " =" -06n"

Helmholtz free energies are constitutive quantities:
S _,;,S F _,,F
w — l/l (|:| )’ l/l _ l/l (|:| )1

Residual inequality (dissipation)

S F
D=pF°>X" —[ps oy + oF aw]ﬁ > 0.

on on

Thermodynamical equilibrium: D|_ =0.

*without this assumption models seem to include fluctuations of microscopic
kinetic energies leading to a description of tortuosity. See: 11
Hutter, K., Kubik, J., Kosinski, W. (to appear).



|sotropy

Dependence of scalar constitutive quantities on invariants:

=treS, 11=1(12-trc%?) n1=1352 =detcC’,

v =X"xF, v=xFe’xF, vi=xFe>?xF.
rather than on F° ,X'F. Hence

wS =g (S, p" 11,011V V VI, n)
Wk ::l,l/F(pS,pF,I,II,III, IV,V,VI,n),
J=rXF+AGradn, p=mF>X"-NF>!Gradn, etc.

12



Class C (1) under the assumption of linear deviation from

=0:
E

the thermodynamical equilibrium fijz =0, X7

pS = 8 oy pF = _pF2 oy" pS-T
OFS oo

U :lﬂs(FS), W=y ( " S'l), J° = detF>.

F

08

] . n-n
p=nF>XF, J=nXF, A=-—"F, nE:nE[’O

T

Cauchy stresses:

_ s0Y° st FE_ F . pooyh
10 F 1 T __p 11 p '_10 )
' OFS ' dp,

j.

S :l/JS(FS), wF :wF(ptF ) 08 = pS35, pF = pF st

Hence there is no coupling between components
through partial stresses — simple mixture.

13



Class C (2) under the same assumption and the linearity of
dependence on the porosity gradient . Then the only dependence
on this gradient:

p = mF>X'" —-NF>'Grad n.

Cauchy stresses

S S
S = o8| g8 oy° +9 oy> oy RS _o0¢" ps2 nONPt 1
0J° 0l au o1l of

F F
T" = _[pth ng +ngN 'OtFjl, B° =F°F°' , Left Cauchy-Green deformation
P 1%

W =ps(11,95,0F ) =y )- %J; (pt’) & eg N=32
1

Pt

Linearization yields Biot's coupling of partial stresses. 14



Boundary conditions

We need two vectorial boundary conditions (momentum equations) and a boundary
condition for the porosity equation (?). We considers solely the boundary material

with respect to the skeleton: 0B o8,
%+

1) Boundary condition for the total stress
(pS +pF )N‘ ~t,.

0By
2) Flow through a permeable boundary
pF— pF+
PrX TN —ap| - =0.
n n 0B,

3) For the ideal fluid — lack of the tangential flow™

XF-X"mN =0
9B

4) There seems to be no need for a boundary condition for porosity™*

*see: Beavers, G. S., Joseph, D. D.; Boundary conditions at a naturally permeable wall, J. Fluid Mech.,
30 (1), 197-207 (1967).
**see: Rad kevich, E. V., Wilmanski, K.; A Riemann problem for poroelastic materials with the balance 15
equation for porosity, WIAS — Preprints, #593, 594 (2000).



Linear model of poroelastic saturated materials
without mass exchange

m S
0 oy +diV(:0tFVF):O, 0P, +div(,0tSVS):0, x 0 x(Bo.t),

ot ot
S

o aait :div[)lse1+2,useS +,8Am1+nON51]+7T(vF —VS)— Ngrad n,
F

oL aavt = grad [pOFK£+n0Ne—,8An]—7T(vF —VS)+ Ngrad n,

F_F
Bn +n0div(vF —VS):—A—”, e=tre>, £:= Po ~ P , A, =n-ng,
ot T o

for small deformations, i.e.

e> ::%(I—Bs_l), HeSH«l, £<<1, ng=ng(l+e-¢)

16



Special cases:
N=0 = C%_model,

,8 =N nNg = C (2) (Biot's) model; the original notation:

K= -ngN+24°, Q:=2mgN, R:=p5k-ngN,

T> = Kel+2u°deve® +Qel, deve® :=e> —Llel,

1
3
TF =-p1, pF =-Re-Qe.

The main problem of the linear modeling: dependence of macroscopic
material parameters on the initial porosity r,. For granular materials —
- attempts to derive it from simple homogeneous experiments.

17



Oscillon

Paul Umbanhowar (Northwestern Univ.)
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A few remarks on sound waves in
linear poroelastic materials

Two modes of longitudinal waves: P1 and P2 (Biot, second sound)

simple model: Biot's model:
o A H2u° 5 , A+2p°-10 , R-1Q
Cpy = s  Cp2-=K. Cpy = S , Chp =
o Po Po
2 ,US
One mode of shear wave: S CS :=p3.
0
Monochromatic waves:
. w (X2 kol . w
PL Copr=limg [ =  lim 5 =Cp1,
" o-oRek 05 + 06 w0 REK
aw aw
P2: Ccor=lim-— =0, lim-— =k =cCp».
o2 LIT)Rek CIUITO Rek P2

S S
_w | op . w |y
Cos =lim—=- = . lims-=./"< =Cs-
™ oo oRek \/p§+poF wowRek oS 19
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Micro-macro-transitions for granular materials

Within models of saturated poroelastic materials
we can expect to obtain an information on a depen-
dence of material parameters A° ,,LIS Kk, for the

simple model or K,u>,R,Q, for Biot's model on

real microscopic compressibilities and the initial
porosity n,,.

In both models the shear modulus of granular
materials ,u must depend in a nonlinear way
at least on a confining pressure. Therefore it is
further considered to be known.

We seek

35 /\S(K 3 CPl_CPlKS Kt o )
X Y ,:no,u (Mo, } CP2—CP2KS KF,U ,0 ,0 )

where Kg,Kg are real (microscopic) compressibility moduli.
21



Geometrical compatibility of micro and macrodescriptions:

Notation: M — homogeneous microstructure,
V :=volume (M), V" -volumeofvoids, V> :=Vv -VF.
€, £ - macroscopic volume changes

R ::VS V¢ R " -Vg

e - microscopic volume

VoS . VOF changes
a) Porosity relations (N=Ng!):
F S
L+
macro n:nO’OF 'O%:no—zno(1+e—£),
Po P l+e
o s N, (1 + &R ) i

s T e

=~ no +n0(1—n0)(€R _eR)
22



Hence

l+e 1+¢R

Lt ng(L+eR)+(@L-ng)+e®)

For small deformations:
e—g=(1-ny)leR —eR)

b) Mass conservation of the skeleton:

-1
o = pfR+eR]" ana pS =(1-n)p®,

It follows
LR e R
1-n =

"l+e  1+e
For small deformations:

(1-ng)e® =(1-2ny)e +nye.

23



Resultant geometrical compatibility relations

e=nge" +(1-ng)ek,

1
e=-(@1-2ng)eR +2(1-ny)eR. i

Dynamical compatibility relations:

p* =(-no)p>, p" =ngp™. (2)
Equilibrium conditions ( p° — excess pressure):
: : FR SR _
macro: P~ +p° =p, micro: Ng P +(1—n0)p - P,
Constitutive relations:
macro (Wilmanski): macro (Biot):
S _ _ — 1S .2 5
PrESNG, KE4 +§,u ’ p° = -Ke - Qs¢,
p" =-Re, R:=kp; . p" =-Re-Qe.
micro:
SR FR

p :_KSeR1 p :_KFER. 24



| Relations (1) and (2) cannot be fulfilled simultaneously ! |

For instance in a drained jacketed experiment we have

B B usm A Tl

= § £=0
Then geometrical compatibility conditions (1) yield
g=e =0

which cannot hold!

Such inconsistencies are known: for example Taylor and Sachs approach
to the micro-macro-transition in crystal plasticty. Each approach yields solely
an upper or lower estimate of macroscopic material parameters.

We present results for geometrically consistent approach.
25



Gedanken (elementary) experiments

a) unjacketed jacketed

b) undrained c) drained

byl

Vv IV P \/1 vV P

YN

VR
\

F
P =ngp Sy

26



a) unjacketed:

pF = NPt = pS :(]_—no)p', (instead of pFR - P

npp ™" +(L-ng)p> = p"

)

¥ P = P
H e=-1-ny)-—, £=-nyp—.
ence ( 0) K 0 R
It follows by substitution in (1) and the microequilibrium:
( 1—n )
N 1-n Y
: v K /gR\
2 —2ne )i 20 %0 eR |=0,
_noKF _(1_n0)KS _1 \p'}
N J

for all p*. Hence

n 2\1—n K .
no{Fg- (K 0)}(KS—KF)+(1—nO)KS:l. oni)




d,oF R R
b) jacketed undrained: ; =7 e R G e R e~ 0 e
t

It follows
K+R=ngKp +(1-ng)Ks.  (jud)

1 211—n
c) jacketed drained: pFZO 5 EZO,GZ—ER,eR: ( 0) A
2 1_2n0

It follows

K:KS_Zno(KS_KF). (jd)

Equations (unj.), (jud.), and (jd.) cannot be fulfilled simultaneously.

Either we have to ignore one of the experiments or we have to work
with a model containing an additional material parameter (coupling)
e.g. Q-constant of the Biot's model.

For such a model the results for the following practical example were
obtained.

28



Comparison of experimental and theoretical results
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Porosity predicted at Pisa site for measured
speeds of bulk waves. Comparison with data
by Laval and Osterberg laboratory tests

Foti,S., Lai, C., Lancellotta, R.; Porosity of fluid-saturated porous media from measured seismic wave
velocities, Géotechnique (2002, to appear).
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INg remarks

Conclud
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Some results for €Y= model

1. Propagation of sound waves in nonlinear poroelastic materials
(nonlinear elasticity and nonlinear gas law without dependence on porosity)

2. Steady state flow through a poroelastic cylinder (Signiorini elasticity)
(nonlinear elasticity with porosity dependence)

3. Sound waves in linear poroelastic materials with a nonlinear fluid - critical
amplitude (nonlinear gas law without dependence on porosity)

4. Monochromatic waves in linear poroelastic materials (small deformations, no
dependence on porosity)

5. Steady state flows in poroelastic materials with adsorbtion (Langmuir; linear elas-
ticity, nonlinear mass ecxchange)

6. Linear surface waves in poroelastic materials — contact with vacuum or fluid
(small deformations, no dependence on porosity)

7. Relaxation and stability of steady state flows — 1D flows, 2D disturbances
(small deformation, nonlinear mass exchange)

8. Structural instability, piping in the model extended by a nonlinear momentum
source (small deformation, nonlinear dependence on porosity gradient)

9. Shock and soliton-like solutions of Riemann problems for poroelastic materlals
(small deformation, nonlinear dependence on porosity)



Some open problems

1. Unsaturated materials — construction of the model, phase
transformations, coupling with acoustic waves

2. Selfconsistent micro-macro-transitions for granular materials

3. Nonlinear waves - in particular nonlinear surface waves in
two-component materials

4. Mass exchange processes with the change of morphology

5. Extension of description of microstructure — anisotropy,
tortuosity, fluctuations of microscopic kinetic energy.
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